By studying the coarsening dynamics of a one-dimensional spin-1 Bose-Hubbard model in a superfluid regime, we analytically find an unconventional universal dynamical scaling for the growth of the spin correlation length, which is characterized by the exponential integral unlike the conventional power-law or simple logarithmic behavior, and numerically confirmed with the truncated Wigner approximation.
By studying the coarsening dynamics of a one-dimensional spin-1 Bose-Hubbard model in a superfluid regime, we analytically find an unconventional universal dynamical scaling for the growth of the spin correlation length, which is characterized by the exponential integral unlike the conventional power-law or simple logarithmic behavior, and numerically confirmed with the truncated Wigner approximation.
Introduction− Coarsening is a relaxation dynamics following a sudden change in system's parameters across a phase transition point. It has been studied in diverse classical systems of immense practical and fundamental importance such as magnetization processes, metal alloying, mixing of binary liquids, and nucleation in the gasliquid transition [1, 2] . The notable feature of coarsening is the dynamical scaling C(r, t) = f (r/L c (t)), which means that the correlation function C(r, t) is characterized by a single length scale, namely the correlation length L c (t) with a universal function f (x). The time dependence of L c (t) classifies coarsening in various open dissipative systems described by, e.g., Ginzburg-Landau, Cahn-Hilliard equations into several universality classes that depend on basic information of systems such as spatial dimensions and symmetries.
Recently, the relaxation dynamics including coarsening has attracted considerable attention in ultracold atomic gases which emerge as an ideal platform for studying nonequilibrium statistical mechanics in isolated quantum systems [3] [4] [5] . Indeed, over the last decade, many theoretical and experimental studies have uncovered a rich variety of relaxation phenomena in isolated quantum systems such as pre-thermalization [6, 7] , many-body localization [5, [8] [9] [10] , transport dynamics [11] [12] [13] [14] , and the Kibble-Zurek mechanism (KZM) [15] [16] [17] [18] .
Then the following question naturally arises: "Are there any unconventional universality classes unique to isolated coarsening dynamics?" Recently, coarsening dynamics in two-dimensional (2D) and threedimensional (3D) multi-component Bose-Einstein condensates (BECs) have been investigated [19] [20] [21] [22] [23] [24] [25] [26] [27] , which turn out to belong to the same conventional classes as in open dissipative systems such as the classical binary liquid and the planar spin model [20, 21, 23, 24, 27] . As for the 2D coarsening dynamics with domains, this is due to the fact that the curvature and the inertia are the main driving forces promoting the coarsening both for 2D BECs and 2D classical binary liquids. In binary liquids, these forces overcome the effect of the dissipation in an inertial hydrodynamic regime, and the system effectively behaves as an isolated system, showing the characteristic power law L c (t) ∝ t 2/3 . The previous works for the 2D BECs [20, 21, 23, 24, 27] confirmed this conventional universality class. Thus, it is still open whether the universality unique to isolated systems exists.
In this Letter, we theoretically investigate a onedimensional (1D) spin-1 Bose-Hubbard (BH) model to demonstrate that the 1D isolated quantum system exhibits coarsening dynamics that belongs to an unconventional universality class. Unlike 2D and 3D systems, the curvature and the torsion of domain walls are absent in 1D systems, so that a 1D domain-wall interaction is generally weak. In open dissipative systems, such a genuine interaction between 1D topological objects is masked by the effect of dissipation [28] ; however, in 1D isolated systems it should become significant. More specifically, while a single 1D domain-wall pair is known to contract by itself in open dissipative systems [29, 30] , we find that in an isolated system such a pair undergoes a linear uniform motion without self-contraction. Based on this physical intuition, we obtain an analytical expression of L c (t) characterized by an exponential integral, and numerically confirm it on the basis of the truncated Wigner approximation (TWA). This behavior is distinct from any power-law or simple logarithmic behavior found in open dissipative 1D systems [31] [32] [33] [34] [35] [36] [37] , and attributed to the genuine interaction between the topological objects under energy conservation and to the absence of the curvature and torsion of a domain wall. Thus, the universality class found here is unique to 1D isolated systems. Some comments on previous related studies are in order here. The 1D domain-wall dynamics has been investigated numerically and experimentally in multicomponent BECs, and short-time domain dynamics and the KZM have been discussed [38] [39] [40] [41] [42] [43] [44] . However, universal coarsening behaviors such as a dynamical scaling have not been addressed. In contrast to the long-time coarsening dynamics, Nicklas et al. have focused on the shorttime dynamics after the quench and experimentally investigated the universal dynamical scaling related to the KZM [45] . Recently, Maraga et al. have studied coarsening in the O(N ) model and reported the breakdown of usual dynamical scaling [46] ; however, this result is arXiv:1707.03615v3 [cond-mat.quant-gas] 15 Jan 2018 2 not well understood from the perspective of universality classes.
M odel− We consider a system of spin-1 bosons in a 1D optical lattice with a lattice constant a. Under the tightbinding approximation, this system is well described by the 1D spin-1 BH model [47] . Representing annihilation and creation operators of bosons with magnetic quantum number m at the jth site as b m,j and b † m,j (m = 1, 0, −1), the Hamiltonian is given bŷ
where J, q, U 0 , and U 2 characterize the hopping amplitude, the quadratic Zeeman term, the density-dependent interaction, and the spin-dependent interaction, respectively. The operators for the total particle number and the spin vector at the jth site are defined byρ j = mb † m,jb m,j andŜ α,j = m,nb † m,j (S α ) mnbn,j (α = x, y, z) with the spin-1 spin matrices (S α ) mn .
The ground state of this model is either a Mottinsulator phase or a superfluid phase depending on the parameters [47] . In this work, we focus on a deep superfluid regime, where a dimensionless parameter κ = ρ f J/U 0 is much larger than unity. Here, ρ f ≡ N/3M is the filling factor with the total particle number N and the number of lattice points M .
N umerical result− We apply the TWA method [48, 49] to study the relaxation dynamics dominated by many spin domains. This method can incorporate effects of quantum fluctuations through sampling of initial states. The system is assumed to have a ferromagnetic interaction (U 2 < 0), and the parameters in Eq. (1) are set to be U 0 /J = 1/40, U 2 /U 0 = −1/10, N = 40000, and M = 1024. Then, κ is about 520 and the system is in a deep superfluid regime. The detailed numerical implementation is described in [50] , where we demonstrate that, in a deep superfluid regime, TWA results find good agreement with results obtained by directly solving the Schrödinger equation with the Crank-Nicolson method [4] .
To excite many spin domains, we quench the coefficient q(t) for the Zeeman term as
where τ q is the quench time and n = N/M . We choose q(0) such that the initial state is a polar phase. This quench protocol crosses two phase-transition points from the polar phase to the broken-axisymmetry phase and then to the ferromagnetic phase [47] . Figure 1 (a) shows the time evolution of the spin amplitude defined by S x, y, z) and S 2 av,t (t) = α S 2 av,α (t), where the bracket means a quantum average · · · (t) = ψ(t)| · · · |ψ(t) with the state vector |ψ(t) at time t. In this result, the quench time is set to be τ q = 800τ with τ = 4 /J. At an early stage of the quench protocol, the x-and y-components of the spin vector rapidly grow because the system is brought to the broken-axisymmetry phase where the dynamical instabilities of the m = ±1 components lead to the increase of the particle number of those components. At a later stage, the instability of the m = 0 component becomes strong as the system enters the ferromagnetic phase. Then, the particle number of the m = 0 component rapidly decreases and eventually the z-component dominates the other components.
After the quench, many domain walls are formed as shown in Fig. 1 (b) , which is a spatiotemporal distribution of S z,j obtained by a single classical trajectory of the TWA calculation. The encircled regions shows where spin domains merge. This merging process enlarges domain structures.
To investigate this coarsening behavior quantitatively, we calculate a spatial correlation function C z,j (t) forŜ z,i defined by Figure 2 shows the time evolution of C z,j , and the inset shows the same curves with the abscissa normalized by the correlation length L c (t) defined by the first zero crossing point of the correlation function. We find that all curves are rescaled into a single universal curve, showing a dynamical scaling characteristic of coarsening dynamics. A small deviation from the single curve is expected to be caused by density and spin waves excited by merging of the domains, which cannot dissipate in the isolated system and weaken long-range correlations. Actually, in dissipative 1D systems, clear dynamical scaling without a small deviation has been confirmed [57, 58] .
To understand the universality class, we examine the time evolution of L c (t). Figure 3 shows L c (t), which exhibits behavior quite different from the conventional logarithmic and power laws [31] [32] [33] [34] [35] [36] [37] .
Analytic result− We show that the growth law of L c (t) in Fig. 3 is characterized by the exponential integral. As shown in Fig. 1(b) , the size of a domain grows only through merging of two domain-wall pairs. This suggests that a domain-wall pair plays a key role here.
To analyze the domain-wall pair dynamics, we note that this system can be transformed to a continuum model similar to the spinor Gross-Pitaevskii equation because the width of the domain wall 2λ = 2a J/|q F | = 6.4a at q F = q(τ q ) is larger than the lattice constant a. "domain_size_400.txt" us 1:3:4 "domain_size_400.txt" us 1:2 "domain_size_800.txt" us 1:3:4 "domain_size_800.txt" us 1:2 "domain_size_1200.txt" us 1:3:4 "domain_size_1200.txt" us 1:2 "length_400.txt" "length_8001.txt" "length_1200.txt" "domain_size_400.txt" us 1:3:4 "domain_size_400.txt" us 1:2 "domain_size_800.txt" us 1:3:4 "domain_size_800.txt" us 1:2 "domain_size_1200.txt" us 1:3:4 "domain_size_1200.txt" us 1:2 "length_400.txt" "length_8001.txt" "length_1200.txt" "domain_size_400.txt" us 1:3:4 "domain_size_400.txt" us 1:2 "domain_size_800.txt" us 1:3:4 "domain_size_800.txt" us 1:2 "domain_size_1200.txt" us 1:3:4 "domain_size_1200.txt" us 1:2 "length_400.txt" "length_8001.txt" "length_1200.txt" 62], i.e. the Landau-Lifshitz (LL) equation, given by
where
The derivation of Eq. (4) is described in [50] .
Applying the singular perturbation method [29, 30 , 63] to Eq. (4), we find that a domain-wall pair undergoes a linear uniform motion with velocity V (l) given by
Here, l is the distance between the two domain walls, and the phase φ j is the azimuthal angle of S j at the center of the domain wall labeled by j = 1, 2. The derivation is described in [50] , where Eq. (5) is compared with numerical results of Eq. (4). Next, we investigate the correlation length L c (t) by assuming that many domain-wall pairs randomly move and that merging of domains occurs through collisions between the domain-wall pairs. Let us examine a situation where there are N d (t) domain walls, and the average distance between the walls at time t is denoted as l d (t). Firstly, we note that the average collision time τ c (t) is given by l d (t)/V av (t). Here the average velocity is represented as V av (t) = V 0 exp(−l d (t)/λ) because of Eq. (5). However, we cannot determine the proportionality constant V 0 since the distribution of φ 1 − φ 2 is complicated. Then, assuming only two properties of a Poisson process [64], we derive the time derivative of N d (t):
where α is a positive constant. Secondly, we use the fact that N d (t) is inversely proportional to l d (t), which leads to N d (t) = β/l d (t) with a positive constant β. We substitute it into Eq. (6), obtaining
where γ = αV 0 /β. The solution to this equation is expressed by the expo-
. Using this function and the fact that l d (t) is proportional to the correlation length L c (t) = ηl d (t) with the proportionality constant η, we arrive at
Here Ei
We note that this law asymptotically approaches a logarithmic law after a sufficiently long time.
In Fig. 3 , we plot this function as dashed curves, which are in excellent agreement with the numerical results. The deviations of the data (τ q /τ = 400) in the early time are due to partial breakdown of Eq. (5) because it becomes a good approximation only when the distance l is large. Note that Eq. (8) has two constants γ and η. In Fig. 3 , we use (γτ, η) = (0.000380, 1.72), (0.000385, 1.70), (0.000380, 1.69) for τ q /τ = 400, 800, 1200, respectively. Thus, all numerical data can be fitted by almost the same γ and η.
Finally, we comment on the relation between our result of Eq. (8) and the previous works concerning the 1D coarsening [31] [32] [33] [34] [35] [36] [37] . In these works, the energy is dissipated, so that two domain walls forming a wall pair contract by itself. Such a self-contraction was confirmed in Refs. [29, 30] , but it is different from the coarsening process (merging of two domain-wall pairs) of our study. Thus, these systems do not obey Eq. (8), although both previous studies and ours show the same logarithmic behavior in the long-time limit. As an exception, there is a convective Cahn-Hilliard equation, where a domain-wall pair undergoes a linear uniform motion [36, 66] . Thus we expect that this system obeys Eq. (8), though it was not derived in previous literature.
Discussion− We first discuss why Eq. (8) is universal. As can be seen from the derivation, this law originates from the mechanism where a domain-wall pair moves at an average velocity proportional to exp(−l/λ) without the self-contraction. The exponential dependence of the velocity on l and the absence of self-contraction are due to the interaction between the 1D domain walls and isolation from the environment [67] . Thus, Eq. (8) reflects the nature of a 1D isolated system. A typical example that satisfies these conditions is the 1D LL equation, which is a universal effective equation in 1D spin systems. Thus, we expect that the growth law of Eq. (8) is universal in a 1D isolated spin system if the domain is stable and the domain merging occurs.
Next, we discuss possible experimental situations. A difficulty of observing Eq. (8) is a limited lifetime of trapped atoms. In a 1D system, the interaction between domain walls is weak due to the exponential spin configuration, so that the relaxation time is very long. However, Eq. (8) may be observed if we prepare a 1D system with 7 Li (F = 1).
We consider quasi-1D systems of 7 Li atoms in a 1D optical lattice, where atoms are tightly trapped in a radial direction as shown in the inset (a) of Fig. 4 . The parameters used are a exp = 0.387 µm [68], M exp = 128, N exp = 5000, the radial trapping frequency ω r = 2π×4500/s, and the depth of the lattice V d = 5E r with E r = 2 /8M a 2 exp being the recoil energy. Then, this system behaves as a quasi-1D system and a 1D calculation can be justified since the condition ω r ∼ 2.8µ with the chemical potential µ is satisfied and excitations in the radial direction are suppressed.
Under the above setup, we have performed a TWA calculation for the 1D system and confirmed Eq. (8) as shown in Fig. 4 . The characteristic time τ exp is about 0.156 ms, and the calculation terminates at about 4.7 s, which is accessible in current experiments. To measure the correlation function, we need the spatial resolution of about 1 µm, which is available in an in-situ imaging method [45] . When experiments continue until 9 s, we can obtain 4 data points for L c (t) [69] . In this time evolution, L c (t) is completely different from any power and logarithmic laws. Thus, we can distinguish Eq. (8) from the conventional laws.
Finally we discuss a finite-size effect and three-body loss. As for the former, we note that the number of domain walls is not large as shown in the inset (b) of Fig. 4 .
Thus, in the long-time dynamics, the coarsening should be suppressed. However, we confirm Eq. (8) Conclusion− The relaxation dynamics described by the 1D spin-1 BH model has been analytically and numerically studied. Our numerical calculation based on the TWA method has revealed that the system in a deep superfluid regime exhibits coarsening with the dynamical scaling that belongs to the universality class different from conventional classes. We have analytically obtained the universal domain-growth law of Eq. (8) 
SUPPLEMENTAL MATERIALS
In this Supplemental Material, we discuss here the numerical implementation of the truncated Wigner approximation (TWA) calculation, and the dynamics of a spin domain-wall pair described by a one-dimensional (1D) Landau-Lifshitz (LL) equation.
DETAILED NUMERICAL METHOD FOR THE TWA CALCULATION
We explain how the TWA method is applied to the spin-1 Bose-Hubbard (BH) model, and discuss the validity of the TWA method by comparing TWA and full quantum dynamics (FQD) results. Details of the TWA formulation is reviewed in Refs. [1, 2] .
Numerical implementation of the TWA method in the spin-1 BH model
In the TWA calculation, we solve a classical equation corresponding to the spin-1 BH model, which is given by
where the variables b m,j and b * m,j are the c-numbers corresponding to the annihilation and creation operators, respectively. The Hamiltonian H W for the c-numbers is the Weyl representation of the Hamiltonian of the spin-1 BH model:
The total particle number and spin vector at the j-site are defined by ρ j = m |b m,j | 2 and S j = m,n b * m,j (Ŝ) mn b n,j , respectively, where (Ŝ) mn are spin-1 matrices defined bŷ
In the TWA method, the initial state is sampled from a Wigner function corresponding to an initial quantum state. This function contains information about quantum fluctuations in the initial state. In this sense, the TWA is an approximation beyond the mean field theory. In our study, the initial state is sampled from a Wigner function corresponding to the Bogoliubov vacuum |0 B for the polar phase. This vacuum is defined byâ m,k |0 B = 0 (m = 1, 0, −1; k ∈ 1stBZ), where the operatorâ m,k is an annihilation operator for the Bogoliubov quasiparticle, which is defined through Eqs. (S-4)-(S-6) below. The notation k ∈ 1stBZ means that wave number belongs to the 1st Brillouin zone. In the Bogoliubov theory, we assume that an operator corresponding to a condensate mode is replaced by a c-number and that the condensate fraction is set to be N 0 . Then, the annihilation operatorb m,j can be expanded aŝ
where the coefficients u m,k and v m,k are given by
with the number of lattice points M and the dispersion relation k = 2J − 2Jcos(2πk/M ) for free particles. Then, we can derive the Wigner function for the vacuum |0 B :
where a * m,k and a m,k are the c-numbers corresponding to the operatorsâ † m,k andâ m,k . This function satisfies the normalization condition
Note that in the above sampling the number of condensate particles is fixed to be N 0 as shown in Eq. (S-5). Alternatively, we may use a coherent state with the average particle number N 0 . In this case, a m,0 and a * m,0 are sampled from
Our numerical calculation shows that the TWA calculations with these two ways exhibit quantitatively the same results. This is due to a large number of condensate particles with N 0 = 40000. Thus, in the main text, we show the data sampled from Eq. (S-15) with the fixed N 0 . In this setup, we can perform the TWA calculation by computing N sam classical solutions of Eq. (S-1) with different initial states sampled from Eq. (S-15). Firstly, to generate an initial state, we sample a m,k from Eq. (S-15), and transform a m,k into b m,k by using a classical counterpart of Eqs. (S-4)-(S-6). Secondly, the classical equation of (S-1) is solved with this initial state. Repeating this procedure with different initial states, we obtain N sam classical solutions b (α) m,j (t) (α = 1, 2, · · · , N sam ). Then, a quantum average for an operatorÂ is computed by
(S-18)
Here, A W ({b
m,j }) is the Weyl representation ofÂ, which is derived by the same way as in Eq. (S-2). We comment on the validity of the TWA method. In the TWA formulation [2] , we assume that quantum fluctuations from the classical trajectory obeying a mean field equation are small. Therefore, this method becomes a good approximation if the parameters of the BH model are set to be in the deep superfluid regime (ρ f J/U 0 1 and ρ f 1) and the system size is not so large, where ρ f is the filling factor. The latter condition reflects the MerminWagner-Hohenberg theorem [3] , which states that the mean field prediction is wrong in the thermodynamic limit. For this reason, the system size is determined by the condition such that the quantum depletion N dep is much smaller than the condensate fraction N 0 . Here, the quantum depletion is expressed by
In our numerical calculation, N dep /N 0 is smaller than 0.014. When the system size is too large, this condition breaks down.
Comparison between FQD and TWA results
To demonstrate the validity of the TWA method, we compare FQD results with TWA ones. Key parameters are κ = ρ f J/U 0 and the filling factor ρ f . When these parameters are much larger than unity, the TWA calculation becomes valid. Taking this condition into account, we apply the TWA method to scalar and spin-1 BH models. The former was investigated in Ref. [2] .
Dynamics of the scalar BH model
We perform FQD and TWA calculations in the scalar BH model defined bŷ
where the parameters J and U 0 are positive. We assume that the system has 5 lattices, and consider two parameter sets, namely, (a) the run1 (J/U 0 = 10, κ = 20, ρ f = 2) and (b) the run2 (J/U 0 = 1, κ = 1, ρ f = 1). For the FQD calculations, we use the exact diagonalization method. Initial states in both (a) and (b) are coherent states where all particles occupy a single site. In this setup, we numerically compute the time evolution of the particle number n mom (k = 0) in the zero momentum state, which is defined by
As shown in Fig. S-1 , we find that in the run (a) the TWA result agrees very well with the FQD one. On the other hand, in the run (b), the TWA result deviates slightly from the FQD result. In both cases, we also plot the mean field results obtained by the Gross-Pitaevskii equation (GPE) with an initial state b j = √ 5ρ f δ j,1 , which show large deviations from the FQD results. Thus, the TWA calculation becomes a good approximation when the conditions κ 1 and ρ f 1 are satisfied.
Dynamics of the spin-1 BH model
The validity of the TWA method for the spin-1 BH model is discussed by comparing FQD calculations with TWA ones. We consider a Hamiltonian given bŷ
We assume that the system is comprised of 3 lattices with the total particle number N up to 24 and subject to the periodic boundary condition; other parameters are set to be J/U 0 = 20 and U 0 /U 2 = −1 with J > 0. In this model, the dimension of the Hilbert space is sufficinetly large, so that we solve the Schrödinger equation by using the Crank-Nicolson method [4] instead of the exact diagonalization. Similar to the scalar BH model, we investigate the time evolution of n mom,m (k = 0) (m = 1, 0, −1) defined by
which is the occupation number of the zero-momentum state for the m-component. As shown in the previous numerical results in Fig. S-1 , the GP results deviate greatly from the FQD results in the spin-1 BH model as well. In the following figures, we omit the GP results. Firstly, we show numerical results without the quadratic Zeeman term (q = 0). The initial state in the TWA calculations is a coherent state where all particles occupy the m = 0 component at a single site, but in the FQD calculations we use a Fock state corresponding to the TWA initial state. When the particle number N is large, the difference between the coherent and Fock state is small. Thus, we can expect good agreement between the TWA and the FQD results for large N .
Figure S-2 shows that the agreement between the TWA and FQD results dramatically improves as the total particle number increases. We also find that the excellent agreement between the FQD and TWA results in Fig. S-2 (b) breaks down when the first quantum revival-like behavior occurs (t/τ ∼ 13). As shown in the inset of appears with a period T /τ ∼ 11, so that we expect this revival-like behavior is caused by the smallness of the Hilbert space. However, the revival time T grows exponentially large with increasing the number of particles. Experimentally, the quantum revival-like behavior is not usually observed when the particle number and the lattice number are of the order of 10, 000 and 100, respectively. This implies that the period T of the quantum revival-like behavior becomes quite long in comparison with a time scale (∼ 10 s) that actual experiments can access. As a related analytical calculation, the quantum revival in the Kerr model was investigated, and the period of the revival was proven to become very long when the particle number is large [2] . From these results, we expect that the TWA method can be utilized to study the long-time dynamics such as coarsening dynamics when we study a large system (N 1 and M 1) in the deep superfluid regime (κ 1).
Secondly, numerical results with the quadratic Zeeman term (q = U 2 N/M ) are discussed in Fig. S-3 . The initial state in the TWA calculations is a coherent state where all particles equally occupy the m = ±1 components at a single site, and the initial state in the FQD calculations is a Fock state corresponding to the TWA initial state. When the total particle number is small, the agreement between the FQD and TWA results is not so good. However, the agreement becomes much better for a larger total particle number. For example, in the case with N = 4, the TWA result for the m = 1 component cannot follow the oscillation of the FQD result, but in the case with N = 24 the TWA result well reproduces this oscillation. Thus, we can expect better agreement in the system where we study the coarsening dynamics because the total particle number is large.
Here, by comparing between the results with and without the quadratic Zeeman term, we find that the deviation in the presence of the quadratic Zeeman term is large. We speculate that this is caused by the smallness of the Hilbert space. Despite the deviation, the time-averaged value for the FQD calculation is close to one for the TWA calculation. Furthermore, the main cause of the deviation of the m = 1 component is the dynamics of the m = 0 component. This m = 0 component has a low occupation number, and is thus strongly affected by the quantum fluctuation. As a result, the m = 0 mode leads to the deviation of the m = 1 component because of the conservation of the total particle number. However, in our coarsening dynamics discussed in the main text, the particle number of the m = 1 component is much larger than that of the m = 0 component. Thus, the dynamics of the m = 1 component is not affected by that of the m = 0 component, and the TWA result in this case is expected to exhibit better agreement with the FQD one. 
ANALYSIS OF A SPIN DOMAIN-WALL PAIR IN A ONE-DIMENSIONAL LANDAU-LIFSHITZ EQUATION
To derive the growth law of the correlation length in coarsening dynamics of the 1D spin-1 BH model, it is necessary to investigate the dynamics of a spin domain-wall pair described by the 1D LL equation. Firstly, we derive the 1D LL equation from Eq. (S-1) by using three approximations. Secondly, we apply the singular perturbation method [6] [7] [8] to the LL equation, derive analytic expressions of this dynamics. Thirdly, performing numerical calculations, we find excellent agreement between the analytical and numerical results.
Derivation of the Landau-Lifshitz equation
We can derive the Landau-Lifshitz equation from Eq. (S-1) under the following three assumptions: (i) the width d of the domain wall is larger than the lattice constant a, (ii) the spin state is ferromagnetic, and (iii) the total density ρ j is independent of time t and lattice site j. As shown in the next section, we can change the width d by controlling J and q, so that the assumption (i) can be justified. Actually, in our numerical calculation, the ratio d/a is about
Schematic spin configuration S(x, t) for a spin-domain pair. Time-dependent variables xj(t) (j = 1, 2) and φj(t) (j = 1, 2) are the positions and the azimuthal angles at the center of domain walls, respectively. Here l(t) = x2(t) − x1(t) denotes the distance between the walls.
cos θ dp (x) = S dp z (x), (S-46) tan φ dp (x) = S dp y (x) S dp x (x)
.
(S-47)
Application of the singular perturbation method to Eq. (S-39)
In the following analysis, we regard exp(−l(t)/λ) as a small quantity. We make three assumptions: (I) the distance l(t) between the walls is much larger than the width of the wall λ, (II) the deformation ρ def (x, t) from Eq. (S-45) is of the same order as exp(−l(t)/λ) (a definition of ρ def (x, t) is given in Eq. (S-56)), and (III) the velocity dx j (t)/dt (j = 1, 2) and frequency dφ j (t)/dt (j = 1, 2) of the domain walls are also of the same order as exp(−l(t)/λ). Under these assumptions, we focus on a region |X 2 (t)| = |x − x 2 (t)| λ, and derive the equations of motion for x 2 (t) and φ 2 (t). We note λ = 1 because of J = 1 and q = 1 in our above notation.
To begin with, we derive an expression of η(x, t) in the region |X 2 (t)| 1. Using the approximation (I), we keep terms up to the first order in exp(−l) and obtain sech(X 1 ) = sech(X 2 + l)
Then, these expansions lead to tan φ dp (x) = S dp y (x) S dp
As a result, the azimuthal angle is given by
A similar calculation leads to tan θ dp (x) 2 = 1 − cosθ dp (x) 2 1 + cosθ dp (x) = 1 − S dp z (x)
where the function G(X 2 , φ 1 − φ 2 ) is given by
Thus, we substitute Eqs. (S-51) and (S-53) into (S-45), obtaining
Finally, to consider the deformation of a domain configuration, we introduce the function ρ def (x, t) as follows:
This is an approximate expression of η(x, t) in the region |X 2 (t)| 1.
Substituting Eqs. (S-56)-(S-58) into Eq. (S-39) and keeping terms up to the first order in the small quantities (assumptions (I)-(III)), we obtain an equation of motion for ρ def (x, t):
where we perform the transformations X 2 (t) = x − x 2 (t) and T = t, and use notations H = dH/dx and G = dG/dx.
Here, we consider an eigenvalue problem defined by
which is known to have a zero mode [10, 12] . The eigenfunction for the zero mode is given by
Thus, as in Refs. [6] [7] [8] , a solvable condition becomes
which removes the divergence of the solution of Eq. (S-59) caused by the zero mode (secular term). From Eqs. (S-59) and (S-63), we obtain
which leads to
As for an equation of X 1 and φ 1 , we can similarly derive
These results show that the domain pair undergoes a linear uniform motion at a constant velocity V (l) while rotating S x and S y at a constant frequency Ω(l):
where both the phase difference φ 1 − φ 2 and the distance l are constant. In the notation of J and q , Eqs. (S-69) and (S-70) become
As in the assumptions (I), (II), and (III), this analytic expression is valid when the following two conditions are satisfied: (i) the distance l = x 2 − x 1 between the walls is much larger than the width of the wall λ, and (ii) the angle difference φ 1 − φ 2 is far from an integer multiple of π/2.
Equations (S-71) and (S-72) have two features. One is an exponential dependence on the distance l between two walls, and the other is the dependence on φ 1 − φ 2 . The first feature reflects the interaction induced by an exponential tail of the domain wall configuration. The second one is related to the vector product in the LL equation (S-33) . This is because the direction of this torque term is determined by the directions of transverse spins of the two interacting domain walls. (i) the distance l = x2 − x1 between the domain walls is much larger than the width of the wall λ, and (ii) the angle difference φ1 − φ2 is far from an integer multiple of π/2. The dependence of the errors on φ1 − φ2 is described in the text.
Numerical test of the analytical result
We numerically calculate the 1D LL equation (S-33) to investigate the validity of Eqs. (S-69) and (S-70). Taking the conditions (i) and (ii) into account, we perform numerical calculations corresponding to φ 1 − φ 2 = π/12, π/6, π/4, π/3, 5π/12 by varying the distance l.
Figures S-6 show spatiotemporal distributions of S x and S z with the angle difference φ 1 − φ 2 = π/3. This result shows that the domain pair moves at a constant velocity with the x component of the spin S x rotating and that the velocity and frequency with the narrower domain are larger than that with the wider one. This is consistent with the analytical result. To compare the numerical results with the analytical one quantitatively, we compute following quantities: Note that, if φ 1 − φ 2 is small, Error vel is large but Error fre is small. This is due to Eqs. (S-52) and (S-54). In this case, H(X 2 , φ 1 − φ 2 ) in Eq. (S-52) is much smaller than unity but G(X 2 , φ 1 − φ 2 ) in Eq. (S-54) is the order of unity. Then, the leading term for the imaginary part of (x, t) in Eq. (S-56), which is related to V (l), is smaller than the order of e −l . As shown in the derivation, Eqs. (S-69) and (S-70) are correct to the order of e −l , so that Error vel becomes large when the angle difference φ 1 − φ 2 is much smaller than unity. In contrast to this case, Error vel is small but Error fre is large when φ 1 − φ 2 is near π/2. This is because H(X 2 , φ 1 − φ 2 ) in Eq. (S-52) is the order of unity but G(X 2 , φ 1 − φ 2 ) in Eq. (S-54) is much smaller than unity.
